We have proposed a direct simulation scheme for colloidal dispersions in a Newtonian solvent [ Phys.Rev.E 71,036707 (2005)]. An improved formulation called "Smoothed Profile (SP) method" is presented in which a simultaneous time-marching for host fluid and colloids is accomplished. SP method as a direct numerical simulation of particulate flows provides a coupling scheme between continuum fluid dynamics and rigid-body dynamics through smoothed profile of colloidal particles. Moreover, the improved formulation includes an extension to incorporate multi-component fluids, such systems as charged colloids in electrolyte solutions. Dynamics of colloidal dispersions is solved as much computational cost as required for solving non-particulate flows. Numerical results which assess hydrodynamic interactions of colloidal dispersions are presented to validate SP method. SP method is not restricted to particular constitutive models of the host fluids. Henceforth, it can be applicable to colloidal dispersions in complex fluids.
Introduction
Interparticle interactions in colloidal dispersions mainly consist of thermodynamic potential interactions and hya e-mail: ynakayama@chem-eng.kyushu-u.ac.jp drodynamic interactions [1, 2, 3] . Whereas the former works in both static and dynamic situations, the latter works solely in dynamic situation. Although the thermodynamic interactions have been studied extensively and summa-rized as a concept of the effective interaction [4] , the nature of dynamic interactions are poorly understood. Since the hydrodynamic interaction is essentially long-ranged, many-body effect, it is extremely difficult to study its role by means of analytical way alone. Numerical simulations can aid to investigate fundamental role of hydrodynamic interaction in colloidal dynamics.
In these decades, various simulations for particulate flow have been developed in most simple situation where a host fluid is Newtonian [5, 6, 7, 8, 9, 10, 11, 12, 13] . However, all those schemes are not necessarily suitable for problems with non-Newtonian host fluids or solvents with internal microstructures, which are practically more important cases. Hydrodynamic simulations of ions and/or charged colloids have been proposed by making use of above schemes [14, 15, 16, 17, 18, 19] . Nonetheless, tractability and physical validity of their modeling are still controversial.
In this article, we propose a direct simulation scheme for colloidal dispersions which is applicable to most constitutive models of the host fluids. We call it "Smoothed Profile (SP) method" since the original sharp interface between colloids and a solvent are replaced with an effective smoothed interface with finite thickness [7, 20] . We formulate a computational method to couple particle dynamics and hydrodynamics of the solvent. A fixed grid is used in both the solvent and the particle domains. Introduction 
where v α is the velocity of αth solute and g α is a random current. Since the inertial time scales of the solute molecules are extremely small, the velocity of αth solute is decomposed to the velocity of solvent v and diffusive current arising from the chemical potential gradient ∇µ α
where Γ α k B T is diffusivity of αth ion, k B the Boltzmann constant and T the temperature. The random current should satisfy the following fluctuation-dissipation rela- [21] . Here, for the sake of simplicity, we focused on the case where cross diffusion of different solutes is neglected.
The momentum conservation implies the velocity of solvent follows the Navier-Stokes equation of incompressible flow with the source term from solutes:
where ρ is the total mass density of the fluid, p the pressure, η the shear viscosity of the fluid, and s a random stress satisfying the fluctuation-dissipation relation,
Above set of equations is closed when a set of chemical potentials {µ α } are given and describes the dynamics of a multi-component fluid. For a specific application to electrolyte, we consider the Poisson-Nernst-Planck equation for a chemical potential:
which describes the Poisson-Boltzmann distribution for ions in its equilibrium state, where Z α is the valence of αth ion, e is the elementary charge, Φ is the electrostatic potential, E ext is the external field, ǫ is the dielectric constant of the fluid, and ρ e is the charge density field. This set of equations corresponds to the electrokinetic equations appeared in standard textbooks [3] .
Colloids in electrolyte solutions
Dynamics of colloids is maintained by the force exerted by the solvent. Consider monodisperse spherical colloids with a radius a, a mass M p , and a moment of inertia I p , momentum conservation between the fluid and the ith colloid implies the hydrodynamic force and torque
on it, where R i is the center of mass, dS i (. . . ) indicates the surface integral on ith colloid, σ is the stress tensor of the fluid. For the electrokinetic equations, the stress reads 
where F ext i and N ext i are the external force and torque, respectively, and F c i is the force arising from core potential of particles which prevents from colloids overlapping.
Hereafter, soft-core potential of the truncated Lennard-Jones potential is adopted for F c i . Specifically for the charged- 
Computational algorithm
In the SP method, quantities are defined on the entire domain which consists of the fluid domain and the particle domain. To designate the particle domain, we introduce a concentration field of colloids as φ(
where φ i ∈ [0, 1] is ith particle profile field which is unity at the particle domain, zero at the fluid domain and have a continuous diffuse interface at the interface domain with a finite thickness ξ. With the field φ, the total velocity field and concentration fields of the solutes are defined as
where (1 − φ)v f represents the velocity field of the fluid
the velocity field of the colloids. The auxiliary concentration field C * α is introduced which can have finite value in the particle domain whereas C α , physical concentration field, is forced to be zero through the multiplication
The advection of φ is solved viaṘ i = V i and mapping
Henceforth the volume of the fluid and/or the solid is strictly conserved and no numerical diffusion of φ is occurred. In the SP method, fundamental field variables to be solved are chosen as the total velocity v but not v f , and C * α but not C α . This choice of the variables yields great benefit on the efficient and stable time evolution. The evolution equation of v is derived based on the momentum conservation between the fluid and the particles and the rigidity of the particle velocity field v p .
For the solute concentration, C α and C * α are different in whether they have abrupt variation at the interface of colloids or not. Since C α have abrupt variation, to solve its advection, cares to stabilize the evolution and to circumvent the numerical diffusion must be needed. However, the auxiliary concentration C * α is smooth on the entire domain and therefore can be solved without special cares on the colloid-solvent interface.
Discretization in time
A time-discretized evolution equations are derived as follows. For a simplicity of the presentation, we neglect the random currents. As a initial condition at the nth discretized time step, the position, the velocity, and the angu-
are mapped to φ n and φ n v n p and v n = (1 − φ n )v f + φ n v n p satisfying the incompressibility condition on the entire domain, ∇·v n = 0, and C * ,n α satisfying the charge neutrality
where |∇φ i | eσ e represents the surface charge distribution of the colloids, are set. The current for the auxiliary concentration field is defined as
where n(x, t) is the unit surface-normal vector field which has its support on the interface domain with the finite thickness ξ. In this definition of the current, the no-penetration condition is directly assigned. The auxiliary concentration are advected by this current as
where h is a time increment and t n = nh is the nth discretized time. The total velocity field is updated by a fractional step approach. First, the advection and the hydrodynamic viscous stress are solved,
with the incompressibility condition, ∇ · v * = 0. Along the advection of the total velocity, the particle position is updated by the particle velocity. The electrostatic potential for the updated particle configuration is determined by solving the following Poisson equation,
with the charge density field, ρ n+1
α + ∇φ n+1 eσ e , and the momentum change by the electrostatic field is solved as
At this point, the momentum conservation is all solved for the total velocity field. The rest of the updating procedure is for the rigidity constraint on the particle velocity field.
The hydrodynamic force and torque on the colloids exerted by the fluid are derived by the momentum conservation between the colloids and the fluid. The timeintegrated hydrodynamic force and torque over a period h are equal to the momentum change on the particle domain:
With this and other forces on the colloids, the particle velocity and angular velocity are updated as
The resultant particle velocity field φ n+1 v n+1 p is directly enforced on the total velocity field:
where φf p represents the force density field which impose the rigidity constraint on the total velocity field.
The pressure due to the rigidity of the particle is determined by the incompressibility condition, ∇ · v n+1 = 0, which leads the following Poisson equation for p p , viz, 
Restriction on a time increment
For spatial discretization of hydrodynamic equations, any standard scheme, such as finite difference method, finite volume method, finite element method, spectral method, lattice Boltzmann discretization and so forth, can be used.
SP method basically defines a coupling scheme between hydrodynamic equations for solvent and equations of discrete colloids. Since the treatment of the rigidity constraint of the particle velocity introduce no additional time scale, restriction to a time increment h is the same as that of uniform fluid cases. This is advantageous compared to the method adopted in refs [7, 22] where the large viscosity or elasticity on the velocity in particle domain is used.
For comparison, in Fluid Particle Dynamics (FPD) [7] , the large viscosity of fluid particle η c (≫ η) is introduced to accomplish the rigidity constraint. This means that the required time increment for FPD should be very small, i.e., η/η c (≪ 1) of that for SP method.
Similar discussion on the restriction by the no-penetration condition in the advection-diffusion equation of solutes works out. One of the simplest treatment of the no-penetration in the particle domain is the penalty method adopted in refs [23, 24] where a artificial large potential barrier for the Figure 2 shows the drag coefficient Q(ϕ) defined as 
Lubrication interaction in a finite system
One of the most important effect by solvent flow is lubrication interaction between nearby particles with relative motions. The exact solution of the Stokes equation for isolated two spheres have been found [27] and provided much insight in basic physics of colloidal suspensions. However, its application to many-particle system in a way of pairwise addition needs care. For quantitative prediction of rheology of concentrated suspension, numerical results showed much difference whether shear mode of lubrication interaction is included or not [28, 29] . There exists fundamentally an ambiguity in the application of the analytic expression of isolated two spheres to manyparticle system in finite domain in pairwise fashion.
We computed the squeeze lubrication interaction between two approaching spheres in a finite system. The velocity and pressure distributions are depicted in Fig.3 . of a pair of particles versus gap h between two equal spheres compared with theories. Two asymptotics at h ≪ a and h ≫ a are from the exact solution of isolated pair [27] and Rotne-Prager-Yamakawa tensor [30] , respectively. Stokesian Dynamics (SD) [5] is based on an interpolation of these two asymptotics. The simulation result nicely reproduces not only two asymptotic regimes but also its crossover which occurs at h/a ∼ 0.7. It is found that SD underestimates the mobility in the intermediate regime. This fact is due to the approximation adapted in SD where the ingredients are just asymptotic two-body solutions. The result indicates the relevance of our simulation demonstrating the importance of hydrodynamic interaction in a finite system.
From lubrication theory, the functional form |V
is the one-body drag coefficient and Γ 2 (ϕ) = (3πηa 2 /2)γ 2 (ϕ)
is the squeeze coefficient, and these friction coefficients can be extracted by fitting this curve. The curve from lubrication theory fits very well the results by the SP method.
The reduced coefficients γ 1 and γ 2 are plotted in Fig.4(b) as a function of the volume fraction. Solid line in Fig.4(b) is from Fig.2 . Although the case of a periodic array of spheres have different flow geometry from the case of two approaching spheres, the volume fraction dependence of γ 1 of these two cases are comparable. Moreover, the squeeze coefficient γ 2 is found to be a decreasing function of the volume fraction. In other words, the squeeze mode is most enhanced at infinite dilution. In the literature [2] , it is pointed out that the squeeze coefficient is at least smaller than that of the exact solution for isolated pairs. These results further verified the SP method.
Although the SP method itself is a efficient scheme as a direct simulation, to construct more coarse-grained model of suspensions, such as dissipative particle dynamics, constitutive modeling, etc., the calculation by direct simulations gives fundamental information about hydrodynamic interactions. It has been known that in the infinitely dilute system (or in thin double-layer limit) velocity decay as r −3 in the region of κr ≫ 1 in contrast to r −1 decay of the infinitely dilute neutral system where r is radial distance from the center of the colloid [34, 35] . However, in the system size adapted in our simulation this asymptotic regime was not reached. For κr 1, the screened hydrodynamics regime where the velocity decays as v ∝ e −κr /r [35] . This is why the flow patterns in Figs.(1) and (6) We note that charged colloid dynamics in finite volume fraction and in a range of the Debye length was effectively assessed by direct simulations like SP method.
Sedimenting charged colloids
Further application of the SP method to electrophoresis of concentrated suspensions is reported elsewhere [36] . Healy-White [37] . Lines are eye-guide only.
Conclusions
We [19] , rods, and more, and other constitutive models for solvents is straightforward.
